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Abstract. In this work, we consider the energy-supercritical dcfocusing cubic 
nonlinear wave equation in dimension d = 5 for radially symmetric initial 
data. We prove that an a priori bound in the critical space implies global well- 
posedness and scattering. The main tool that we use is a frequency localized 
version of the classical Morawetz inequality, inspired by recent developments 
in the study of the mass and energy critical nonlinear Schrodinger equation. 



1. Introduction 

In this paper, we continue our study of the energy-supercritical defocusing cubic 
nonlinear wave equation, initiated in [2J. In that work, our goal was to prove that 
an a priori bound in the critical space leads to global well-posedness and scattering 
for solutions to the initial value problem 

u t t — Au + \u\ 2 u = 0, 

(u(0), «*(())) = («o,tti) G H^(R d ) x i^-i( R d) ; 



(IVP) 



in dimensions d > 6, where s c = ^ an d u J x R d -> R with £ / C 1. There is 
a natural scaling associated to (IVP). That is to say, if we define 

u\(t,x) := Xu(Xt, Xx) 

then the map u H > u\ carries the set of solutions of (IVP) to itself. Moreover, this 
map preserves the H^" x H^." -1 norm of the initial data, and therefore the space 
x H^"" 1 is referred to as the critical space with respect to the scaling. We also 
recall that solutions to (IVP) conserve the energy, 

E{u{t),u t {t)) = I l\Vu(t)\ 2 + hu t (t)\ 2 + j\u(t)\ 4 dx, 
J R d Z Z 4 

which is finite for solutions to (IVP) when s c = 1. In view of this, we call (IVP) 
energy-supercritical when s c > 1, that is d > 5. 

In [2 , our study to prove global well-posedness for (IVP) proceeded by mak- 
ing use of the concentration compactness approach introduced by Kenig and Merle 
[SI [9] , reducing the question to an analysis of three specific blowup scenarios as in 
[TTt ITS] . The key part of this analysis was to show that in each of these scenarios 
solutions have finite energy, for which a major tool was the double Duhamel tech- 
nique [H [141 E] ■ This was the source of the restriction in our considerations to 
dimensions d > 6. 
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In the present work, we extend this result to include dimension d = 5 in the case 
of radial initial data. More precisely, we consider 

u tt — Au + \u\ 2 u = 0, 

(tt(0),«t(0)) = (« , «i) 6 i?' /2 (IR 5 ) x i?y 2 (K 5 ), 

where u : I x M 5 — > M, G I C R, and (ito, ui) is radially symmetric. 
We will use the following notion of solution to (NLW): 

Definition 1.1. We say that u : I x R 5 — > R wii/i £ 1 C 1 is a solution to 
(NLW) if (u,u t ) belongs to C t (K;H^ /2 x iii /2 ) n L\ jX {K x R 5 ) /or every if C I 
compact and u satisfies the Duhamel formula 

, sin(tlVI) sin((t-t')|Vh . 

u(t) = cos(t\\7\)u + ^ % + ^ U |y| ; ' lJ - F(u(t'))dt' 

for every t & I. 

We now state the main result of this paper: 

Theorem 1.2. Suppose u : I x M 5 — > K is a solution to (NLW) with radial initial 
data, maximal interval of existence /cl, and satisfying the a priori bound 

(u,u t ) & L?(I;H^xH^). 

Then u is global and 

ll u llif i!c (KxE 5 ) < C 

/or some constant C = C(||(it, ,^3/2 ^-1/2,). Furthermore, u scatters both 

(tlx Xn x ) 

forward and backward in time. 

As in the high dimensional case treated in [2] , our proof of Thoerem 11.21 is a 
proof by contradiction following the concentration compactness approach of Kcnig 
and Merle. The key ingredient which allows us to work in dimension five is the 
use of a frequency localized version of the Morawetz estimate, inspired by recent 
progress in the study of the global well-posedness problem for the mass and energy 
critical nonlinear Schrodinger equation (5J QJ2 [22] . Equipped with this inequality 
and the assumption of radial symmetry, we bypass the need to prove the finiteness 
of energy. We plan to address the case of general initial data in dimension five in 
a future work. 

We note that the problem (IVP) in the radial energy-supercritical setting has 
recently been treated by Killip and Visan in [18], for a range of nonlinearities \u\ p u 
dependent on the dimension. In that work, the restriction on p corresponding to 
five spatial dimensions is | < p < 2, excluding the cubic case treated in the present 
work. 

We also recently learned that Kenig and Merle have treated the defocusing 
energy-supercritical NLW with the quintic nonlincarity and radial data in all odd 
dimensions |11| . 

We now recall the definition of the class of almost periodic solutions. 



(NLW) 
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Definition 1.3. A solution u to (NLW) with time interval I is said to be almost 
periodic modulo symmetries if (u,u t ) G Lf(I; TL^ 2 x -Ho/ 2 ) and there exist func- 
tions N : I ->■ R+, x : I ->• R 5 and C : R+ ->• R+ such that for all t e I and 
V > 0, 



\\V\ 3/2 u(t,x)\ 2 + \\V\ 1/2 u t (t,x)\ 2 dx < n, 

x-x(t)\>C(n)/N(t) 



and 



\z\ 3 Ht,o\ 2 + \i;\\u t (t,OM<r,. 

We next remark a consequence of the notion of almost periodicity. 

Remark 1.4. The property of almost periodicity is equivalent to the following con- 
dition: there exist functions N : I — > R + and x : I — » R 5 such that the set 

k = {(j^-fMt) + j^MtMt) + ry, (i.i) 

has compact closure in £T^ 2 (R 5 ) x Hx^ 2 (R. 5 ). In particular, if u is almost periodic, 
then for every rj > there exists C(rf) > such that for all t E I, 

\Vu(t,x)\ 5/2 dx + / \u t (t,x)\ 5/2 dx < n. 

x-x{t)\>C(n)/N(t) J\x-x{t)\>C(n)/N(t) 

With this definition in hand, we are now ready to outline our strategy for prov- 
ing Theorem 11.21 We first recall the following result due to Kenig and Merle [ID] , 
which shows that the failure of Theorem 11.21 gives the existence of a minimal coun- 
terexample which belongs to the class of almost periodic solutions. 



Theorem 1.5. [10] Suppose that Theorem failed. Then there exists a radial 
solution u : I x R 5 — >• R to (NLW) with maximal interval of existence I , 

(u, u t ) e L°°(J; H 3 J 2 x H^ 2 ), and \\u\\ L e JIxR5) = oo 

such that u is a minimal blow-up solution in the following sense: for any solution 
v with maximal interval of existence J such that \\v\\ L e (j X Rd) = oo, we have 

SUp||(u(*),Ut(i))|U 3 /2 £1/2 < SUp||(v(*),V t (t))||,v3/2 xi yl/2. 

tei 1 x teJ 

Moreover, u is almost periodic modulo symmetries. 

We will also use the following refinement of Theorem 11.51 which shows that the 
almost periodic solution u and associated function N(t) can be chosen so that N(t) 
is piecewise constant on I + := I D [0, oo) and N(t) > 1 for all t in this set. 

Theorem 1.6. Suppose that Theorem ] 1.2\ failed. Then there exists a radial solution 
u : L x R 5 — > R to (NLW) with maximal interval of existence I such that u is almost 
periodic modulo symmetries, (u,u t ) £ L^°(L; H 3 ^ 2 x H^ 2 ), \\u\\i,e (j X R 5 ) = °°> an d 
there exists 8 > and a family of disjoint intervals {Jk}k>i with I + — UJk, 
N(t) =N k >l for t e J fc , and \J k \ = SN^ 1 . 

Moreover, either 

\L + \ < oo or \I + \ = oo. 
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This theorem is proved by applying a rescaling argument to the function obtained 
in Theorem 11.51 to find another almost periodic solution with N(t) > 1 for t G I + 
(see Theorem 7.1 in [5]). One then observes that the function N(t) obeys N(s) ~ u 
N(t) for \s — t\ < (5iV(i) _1 and S suitably chosen, as a consequence of the scaling 
symmetry and local theory for (NLW). This property is proved in the NLS setting 
in [13l Corollary 3.6]; however, the arguments apply equally to (NLW). After a 
suitable modification of N(t) and C(t), the desired result is obtained. 

In Theorem 11.61 we divide the solutions of (NLW) into two classes depending 
on the control granted by the frequency localized Morawetz estimate, Lemma T4. 31 
This is inspired by recent works in the mass and energy critical NLS settings [22] . 
In the present context, this corresponds to distinguishing the cases |/ + | < oo and 
1 1 + \ = oo; we also note that this distinction is also present in [S]. 

We next give a quick remark concerning the decay of norms of the Littlewood- 
Paley projections of u. 

Remark 1.7. Suppose that u is as in Theorem 11.61 The property inf te /+ N(t) — 
inffc Nk > 1 along with the definition of almost periodicity implies 



The proof of Theorem 11.21 is therefore reduced to the task of showing that so- 
lutions satisfying the properties given in Theorem 11.61 cannot occur. This is ac- 
complished in Sections [5] and [6] below, corresponding to the cases |/ + | < oo and 
|/ + | = oo, respectively. 

To handle the case |/ + | < oo, we show that the solution at time t must be 
supported in space inside a ball centered at the origin with radius shrinking to 
as t approaches the blowup time. This is then shown to be incompatible with the 
conservation of energy. 

On the other hand, the case |J + | = oo requires significantly more analysis. For 
this case, we observe that, given r\ > 0, the frequency localized Morawetz estimate 
obtained in Section 2] implies the bound 



for N sufficiently small and all Iq C I + compact. We then obtain a bound from 
below on the left hand side of this inequality by a multiple of |/o| (up to a small 
error term). Choosing rj sufficiently small then gives the desired contradiction. 

We now conclude this section by giving an outline of the remainder of the paper. 
In Section [21 we recall some preliminaries and establish our notation. Section [3] is 
then devoted to the proof of a frequency localized version of the Strichartz inequality 
which will be essential to obtain the frequency localized Morawetz estimate. This 
estimate is then proved in Section [4j Sections [5] and [6] then preclude the existence 
of the finite time and infinite time blowup solutions identified in Theorem 11.61 
completing the proof of Theorem 11.21 

1.1. Acknowledgements. The author would like to thank M. Visan as well as N. 
Pavlovic and W. Beckner for many enlightening and valuable discussions concerning 
the content of this paper. The author also wishes to thank M. Visan for her careful 
reading and comments on the manuscript. The author was supported by a Graduate 
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School Continuing Fellowship from the University of Texas at Austin during the 
preparation of this work. 

2. Preliminaries 



In this section, we introduce the notation and some standard estimates that we 



use throughout the paper. We write L^L X to indicate the space-time norm 



l/r 

l£?£J = I J IK*)lll4* 

with the standard convention when q or r is equal to infinity. If q — r, we shorten 
the notation and write Lf x . 

We write X < Y to mean that there exists a constant C > such that X < CY, 
while X < u Y indicates that the constant C — C(u) may depend on u. We use the 
symbol V for the derivative operator in only the space variables. 

Throughout the exposition, we define the Fourier transform on R 5 by 
f(0 = (2^)- 5 / 2 f < '"S/Vi./r. 

We also denote the homogeneous Sobolev spaces by £Tj!(R 5 ), sel, equipped with 
the norm 

II/IIh. = II|vMIl3 

where the fractional differentiation operator is given by 

fvF7(0 = icivco- 

For s > 0, we say that a pair of exponents (q, r) is H x -wave admissible if q, r > 2, 
r < co and it satisfies 

1 2 , 
- + - < 1, 

q r 

1 5 5 

q + r = 2- S - 

We also define the following Strichartz norms. For each I C M and s > 0, we set 

IMIs a (J) = Sup IMU«LJ(/xR«), 

(q,r) H# — wave admissible 

Hk(/)= mf . ll"IL|' is ' (ZX H5)- 

(<J,r) — wave admissible E x v 

Suppose u : I x R 5 — » R with time interval £ / C 1 is a solution to the 
nonlinear wave equation 

u tt - Au + F =0 

(u,u t )\ t= o =(uo,u l )eH£xHZ- 1 (R d ), ,i e R. 

Then for all s, s £ R we have the inhomogeneous Strichartz estimates jBj |7], 

lllvMls^ + lllvrVll^ci) 

;$ IIK^OIIm'xHr 1 + lllvi^lU^w. (2.i) 
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We also note that our assumption u £ L\ X {K x R 5 ) on the solution in Definition 
11.11 combined with the local theory and the Strichartz estimates, implies 

\\\^\ S A\sz_AK) < OO 



3" 



for s £ [0,1] and K C I compact. 



Moreover, for every almost periodic solution u to (NLW) there exists C(u) > 
such that for every compact K <Z I 

^ N(t)dt < \\u\\l t{K . L%) < C(u) (l + J N(t)dt\ , 

together with the bound 



1 J^N(t)dt< \\M 3/4 u\\ 2 L2t(K . M) <d{u)(l + J N{t)dt\ 



C{u) 



(2.2) 



The above bounds are consequences of almost periodicity and the Strichartz esti- 
mates (|2.ip . In the NLS setting, we refer to the analogous estimates in [T5J Lemma 
5.21] and [351 Lemma 1.7], while for solutions to (NLW) these bounds are obtained 
in a similar manner, after accounting for the difference in scaling between the equa- 
tions. 

We next recall some basic facts from the Littlewood-Paley theory that will be 
used frequently in the sequel. Let 0(£) be a real valued radially symmetric bump 
function supported in the ball {£ £ M. d : |£| < yl} which equals 1 on the ball 
{£ £ R d : |£| < 1}. For any dyadic number N = 2 k , k £ Z, we define the following 
Littlewood-Paley operators: 

QK) = (i-^)/K), 

Similarly, we define P<at and P>n with 

P<n = P<n-Pn, P>n=P>n+Pn, 

and also 

Pm< <n '•= P<n — P<m = ^ Pn x 

M<N!<N 

whenever M < N. 

These operators commute with one another and with derivative operators. More- 
over, they are bounded on L p for 1 < p < oo and obey the following Bernstein 
inequalities, 

\\N\ S P<Nf\\LZ<N S \\P< N f\\ L P 7 

\\P>Nf\\^<N- s \\P >N \V\ s f\\ L ,, 
\\M ±s P N f\\L^N ±s \\P N f\\ L ^ 

with s > and 1 < p < oo. 
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3. Frequency localized Strichartz estimate 

We now obtain a frequency localized version of the Strichartz estimates that we 
will use as a main ingredient in proving the frequency localized Morawetz estimate 
in Section |4] The proof of this result is inspired by analogous results for the mass 
and energy critical nonlinear Schrodinger equation due to Dodson [5] and Visan 

Theorem 3.1 (Frequency localized Strichartz estimate.). Suppose that u is an 
almost periodic solution to (NLW) with maximal interval of existence L, (u,u t ) 6 
L^°(I; Hx^ 2 x Hx^ 2 ), and such that there exist disjoint intervals {Jk}k>i with I + = 
UJ fe and for every k, N(t) = N k € [l,oo) on J k , \ J k \ = SN' 1 . 

Then there exists C = C(u) > such that for all dyadic N and compact intervals 
Iq = U Jfc C I + we have 

\\M 3/ W N \\ LUlo:Li) < C(u)(l + (TV |/ |) 1/2 ) (3-1) 

Moreover, for every r\ > there exists No > such that for N < No we have 

ll|V| 3 /Viv|k ? (/ o; ^) < C(u)r)(l + (N\I \)^). (3.2) 

Before we proceed with the proof of the theorem, we record the following re- 
lated estimates, derived by interpolating (|3.1[) and (|3.2[) with the a priori bound on 
L?(Hl /2 x Hl /2 ). 

Corollary 3.2. Let u be as in Theorem \3.1[ Then there exists C(u) > such that 

• for each dyadic N > and compact interval Lq = UJ k C L + we have 

W u >n\\lUIo;lI° 7 ^ C(u)N- l / 2 (l + iV|/o|) 1/3 , 

W U >"\\Li( Io ;Lf) ^ C(U)N-\1 + N\L \) 1/4 , 

and 

• for each ?y > there exists Nq > such that for N < iVo we have 

HVu<aHIl3(, o; l3) < C(u) V (l + N\L \)^ 3 , 

Proof of Theorem \3.1\ We begin by showing (|3.1|) . Let Iq C L + be given as stated 
and observe that the bound (|2.2[) implies that (|3.1[) holds with C\ iu) for all 

f r N(t)dt 
N > JI ° , , . 
" I Jo | 

For general dyadic numbers N, we proceed by induction. Fix 

C(u) > max{Ci(u), 1} 

to be determined, and suppose that (|3.1[) holds for all N larger than some No. 
Our goal is to show that (|3.1j) holds for N = N± := No/2 (with C(u) unchanged). 
Toward this end, we apply the Strichartz inequality to obtain 

\\M 3/i n< Nl \\ Ln i ;Li) 

< inf || (u< Nl (t), d t u< Nl {t))\\H>/* x &/» + II |V| 5/4 P< Wl [u(t) 3 } || 4 (3.3) 
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In the remainder of the proof, all space-time norms will be over the set Jo xl 5 , 
unless otherwise indicated. 

To estimate the nonlinear term in (|3.3[) . we fix < r/o < ^ (to be determined 
later in the argument) and use the almost periodicity of u to choose c = c (?7o) 
such that 

\\M m u< caN{t) {t)\\ LTLl + \\M 1/2 d t u^ coN{t) (t)\\ LrLl < Vo . (3.4) 

Then, writing 

u(t) = u< Nl/m (t) + u >Nl/vo (t) 

and using the identity 

(u-ym/rioit) + u< Nl/vo (t)f 

= w >A'i/ t )o (*) 3 + 3w >A r i/» )n i t ) u <N 1 / na (t)u(t) + U< Nl/rj0 (t) 3 , 

we obtain 

+ ll|V| 5/4 P<Ar 1 [ W>AriA)0 (t) 3 ]|| | (3.5) 

+ \\M b/A P<NAu >Nlho {t)u< Nlha {t)<t)]\\ T2 A ( 3 - 6 ) 

+ \\M 5/4 P<N 1 [U<N 1/Va (t) 3 ]\\ r2ri . 

Furthermore, we bound the last term by a multiple of 

II M 574 /^ ^^/Jfj^^^tiiW] 2 ) || | (3.7) 

+ IHVI^P^Yu^^W^u^^ft)] [P<"> C0 iV(t)(*)])ll i2i | (3.8) 

+ II M^P^ («<jv*> (*) [P<^>c 7V( t) (*)] 2 ) II r 2 4 , (3.9) 

where we have set P< = P<at 1 / ??0 and used the decomposition 

P<u(t) = P<u< CgN{t) (t) + P<u >CoN{t) (t) 

and where Co is chosen in (|3.4[) . 

Thus, it suffices to bound (|3.5[) through (|3.9p . Before estimating each of these 
terms, we will need the following estimate, which is obtained via Holder's inequality 
in time and interpolation: for each dyadic M > 0, 

|||V| 5 /Vm|| l?l 2o /7 < (MI/oD^HVu^II^jo/t 

^(mi/oDV^ + iiv^ii^ 

< (M\Io\) 1/2 + |||V| 3 /Va/|U ?L 4|||V| 5 / 4 u <m|| l « l jo/ 8 

< m (M|/ |) 1/2 + |||V| 3 /Vm||l ? lj. (3.10) 

With this bound in hand, we are now ready to estimate the above terms. For 
(|3.5[) . we note that an application of Bernstein's inequality gives 

i^^iV^llu^/^^ll^va 
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<iVf /4 ^ \\ U M{t)\\ L 2 L 2«/7\\u >Nl/vo {t)\\l rL 5 

M>N 1 / Vo 

< U N^ J2 M- 5 / 4 |||V| 5 /V f || i?i ,o /7 

M>Ni/no 

< »,g /4 Cb(tt)C(u)(JVi|Jo|)^ + V l /4 C 2 (u)C(u), 

where to obtain the last line we have used (|3.10[) and the induction hypothesis. We 
may use the same argument to estimate (|3.6p . obtaining 

(EH) < r)l / *C 2 (u)C(u){N 1 \I \) 1 ' i +ry 5/4 C 2 ( U )C7H. 

On the other hand, to estimate (13.7[) . we apply the fractional product rule [3l [12] 
and the Sobolev embedding to obtain 

(EU) < || I vi 5 / 4 ^^^/^ |[ if ^o /7 [[ [.p<«< CoiV(4) (t)] 2 ll ir , X |/= 

+ ll^iVi/rJlLjLiollM 574 {[P<U<c n N(t)(t)} 2 )\\ LrL 20/i 3 
<u Vo (ll|V| 5/4 W <Ar l/t , || i?i 20 /7 + |||V| 8/ V Wl/)JO || £ 2 Li ) , 

where Co is chosen in (|3.4|) . Then, using f|3 . 10|) and the induction hypothesis once 
again, we get 

m < VoC 3 (u)(vo ^Ciu^M) 1 ' 2 + C{u)). 



We now turn our attention to the two remaining terms. In what follows, we 
will use the notation v{t) to refer to either of the function P<N 1 /r] u <c a N(t){t) an d 
P<N 1 /i-io u >c N(t)(t)- ln particular, using Bernstein's inequalities combined with the 
fractional product rule, we obtain the preliminary bound 



|V| 5 / 4 P<^ [u< Nl/m (t)v(t)P<u >CoN{t) (t)] || 



< Nl' 2 II | V| 3 / 4 [u< Nl/vo (t)v(t)] || £f>£ *>/ii \\P<u >coN(t) {t)\\ LUJk , 



Li) 



+ 1*1 h<Ni/ Vo lli?(J fc ;i«) \\ u h e t (J k ;L%) II M 3/4 P<U >CoA r (t) \\ ^(j^Vy (3-11) 

We then use the fractional product rule again to bound the factor 

IIIVl^lw^/^ll^^o/ii < \\\V\ 3/i U< Nl/rlQ \\ LrL 2a/7\\v\\ LrL 5 

+ \W<NJrjL?Ll\\M Z,A v\\ LTL l°/T 
<u 1. 

Invoking this bound in (|3 . 1 1 1) . we obtain 

/ \ 1/2 



>c N(t) 

\JkClo 

1/2 



<u N^ 2 ( £ {lltwJI W.) + IHV| 3/4 -> CoJ vJ|^ (Jfc;ii2/5) }) (3.12) 

where in the second term of (|3 . we use the bound (|2.2p in the form 

IMU;(j h5 L S ) <C(u)(l + 5)< u l. (3.13) 
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Moreover, using Bernstein's inequalities and the bounds |||V| 1 / 2 u||^2( i7fc . Z/ 5) < u 1 
and || | V| 5 / 4 u|| iE ^ Jfc . L i2/5^ 1 (these bounds are obtained from the same argument 
used to prove Q2 2[l ). 



M >c JvJlL?(,/ fc ;L5) 



\JkClo 

+Iliv| 5 /Vc . fc ||| ?(jfc;i ^ ) }) 

<u n 1 / 2 ( y -*—) 



1/2 



c 



Combining the estimates of (|3.5[) through (|3.9p . we obtain 

ll|v| 3/ V^|| L?i 4 

< C inf ||(u<jv 1 (i),9 t u<iVi(t))|| J j3/2 ^1/2 



+ 2^ /4 C 2 ( M )C( U )((7V 1 |/o|) 1/2 +% /2 ) 

+ 7 7o 2 C 3 ( U )C( U )( % - 1/2 (Ar 1 |/ |)V2 + 1) + CW) miQl y/^ (3 . 14) 

We now choose t]q sufficiently small (depending on 62(1*) and 03(11)) to ensure that 
|||V| 3/4 u< Wl \\ L *n < Co inf || (u <Nl (t), 9 t u <JVl (f.)) 11^/2 x ^/2 + (^Vi |/ 1) 1/2 



2^4 + £jW (WiN) ^ 



3 c Va 
We now choose C(u) large enough so that 

C(U) > max{ C Q fa,) V2 ' 3C ° I' ^ I' (J;^ 2 xgy 2 )} 

With such a choice of C(u) we obtain 

lllVl^VivJifLi < C(«)(l + (^Vi|/o|) 1/2 ), (3.15) 

completing the induction. 

We now turn to (13.21) . Let 77 > be given and fix N = No(rj) > to be 
determined later in the argument. Let N < No be given and recall that (|3 . 1 1) is 
satisfied for all N > 0. As a consequence, (|3.14[) is satisfied for any rjo E (0, |] with 
Ni replaced by N. More precisely, after setting 

f(N) = ||(li<7V,9 t M<Ar)|| ,^ 3/2 ^1/2, + Sup ||w<iv|Uf(J k ;i|), 

we have 

ll|V| 3 / 4 u<jv|U ?iJ 

<«/(A r )+% /4 ((^l^o|) 1/2 + % /2 ) 
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+ V 2 o(Vo 1/2 (AUI) 1/2 + 1) + ^(N\I Q \) 1/2 (3.16) 

c o 

for any 770 € (0, i]. We next show that /(iV) — > as jV — > 0. Indeed, invoking 
the Strichartz inequality (|2.1I) and using the decomposition u — u <N i/ 2 + u >N i/ 2 
followed by the Bernstein inequalities, 

f(N) < \\(u< N ,d t u< N )\\ Lr{ ^/2 xA i /2) + sup |||V| 5/4 F< w [ M (t) 3 ]|| L?(Jfc . L 4/3 ) 

^ \\(u<N,d t U<N)\\ r 0^(^3/2 ^^1/2^ 



sup ( |||V| 6 /*P< w [« >Jvl/a (t) 31 

J k Cl 



\M 5/a p<n 

HV| 5/4 P<iv[4 m/2 ]ll i?(Jji;i v 3) ) 

ir(^ /2 xHi 

+ SUP (^ 5/4 ||"|l!6 (Jfc;i 6 ) ||M >W l/2 11^6(^.^/5) 

lll v l 5/ V^/ 2 || irif/0 ) 



^ II (w<Af, 9 t U<7v) || r 00^3/2^^1/2 



U|l L«(J fci i2°/ 8 )l 



for any iV > 0. We then bound the second term by using the Bernstein inequal- 
ities followed by p,13p and the analogous bounds || |V| 5 / 4 u|| i6 ^ /fc L i2/5^ <„ 1 and 
||-u|| L 4 ( - Jfc . L 2o/3) <„ 1 to obtain 

f(N) < u \\(u<N,d t u< N )\\ L?0{m/ 2 y j I i / 2 ) +iV 5/s , 

which tends to as N — > as a consequence of Remark ll.71 With this limit in hand, 
we choose 770 small enough to ensure ry 3 / 4 < 77 and Nq small enough to guarantee 
that N < Nq implies f(N) < min{77, -ryco^o) 1 / 2 }. The inequality (|3. 161) then gives 

\\M 3/4 n< N \\ L 2 Lt <uV(l + (N\Io\) 1/2 ) 
as desired. □ 



Proof of Corollary \3.2[ We note that interpolation gives 

l|-">JV < ||li>jv|li» i 5||u>Ar||i / 2 3 i 4 (3-17) 

and 

\\u>N\\ LtLl on < |||V| 5 / 4 M>w ||^ Lf/9 |||vr 5 / 4 u>w ||^ 2 Lr (3.18) 

The Sobolev inequality followed by the boundedness of the Littlewood-Paley pro- 
jection then yields 

IIM 5/ Vjv|| iri 20/ 9 < Wiu^W^S/Z^l/y 

On the other hand, the Bernstein inequalities along with Lemma [3.1l give the bounds 

\\u >N \\^L t < E ^ 3/4 iiivi 3/4 W mIl ? l4 

M>N 
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< ^ 3/4 IIM 3/ V 2 M|| i?i 4 

M>N 

< u M- 3/4 (l + (Af|/ |) 1/2 ) 

M>N 

< u N- 3 ^(1 + N\I \) 1/2 
and (by an identical argument) 

ll|V|- 5/ Viv|L ?L 4 ^ N-^l + NlIol) 1 / 2 . 

Thus, we obtain 

<u n- 1 / 2 ^ + n\i \) 1/3 , §M <u n-\i + 7V|/ |) 1/4 

as desired. 

The bounds on ||Vu<Ar|| i 3 and ||Vu<aj-|| ,4,20/7 are obtained by interpolating 

— t,x — L t L x 

l|g2|) with the a priori bound (u, u t ) £ Lf(Hl /2 x Hl /2 ). □ 

4. Frequency-localized Morawetz estimate 

In this section, we obtain a frequency localized Morawetz estimate. The proof of 
this result is inspired by the recent work of Visan [22] on the energy critical NLS. 

We begin by deriving a general form of the classical Morawetz estimate; for the 
classical form, see .20, 21] ■ To obtain this, when u is a solution to Uu — Au+A/" = 0, 
we set 

1 

— < 

2 



M(t) = / —aj(x)ut(t,x)uj(t,x) — —ajj(x)u(t,x)u t (t,x)dx, 



where a : R 5 — » R, subscripts indicate partial derivatives, and we have used the 
summation convention. A brief calculation then yields the identity 

—rr(t) = [ a jk (x)uj(t,x)uk(t,x) + \a 3 (x){N, u} 3 - \a r]kk (x)u(t, xfdx, 
at j K 5 A 4 

with {/, g} :— /Vg — <?V/, where the subscript on {A/", u} denotes the jth compo- 
nent. Taking a(x) = \x\, integrating in time, and using the fundamental theorem 
of Calculus, we then have 

T7 - -Hr u 3 {t,x)u k (t,x) + 31 ' JJ + -. r^u(t, x) dxdt 
\x\ \x\ 6 J 2\x\ \x\ 6 

<sup|M(i)| (4.1) 
tei 

for every I C K. Moreover, the triangle inequality followed by the Cauchy-Schwartz 
and Hardy inequalities give 

\M(t)\<\\u t \\ LrLl \\Vu\\ LTLl (4.2) 

for all tel. Combining (|4.1j) with (|4.2j) . observing that the first term on the left 
hand side of (|4.1[) is non- negative and invoking an approximation argument, we 
obtain 
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Lemma 4.1 (Morawetz estimate). Suppose u:/xl 5 ->K solves utt — Au+Af = 0. 
Then, 

X ' { ^ u} dxdt<\\u t \\ LrLl \\Vu\\ LrL z. (4.3) 

We also recall the following Hardy-type bound, which will be used to estimate 
the error terms resulting from the frequency localization. 

Proposition 4.2 (Hardy-type bound, [1.). Fix 1 < p < oo, and < a < 5. Then 
there exists C = C(a,p) > such that for every g G <S(R°), 

\\\xr a/p 9\\Lms) < C(a,p)\\M a /*g\\ L P m . (4.4) 

In particular, we prove the following: 

Lemma 4.3 (Frequency localized Morawetz estimate). If u : I x R 5 — > R is an 
almost periodic solution to (NLW) on I + = UJk C R with N(t) — Nk > I on each 
Jk and (u,u t ) € Lf{B}J 2 x H^ 2 ), then for any r\ > there exists Nq — No(r)) > 
such that for all N < Nq one has 

|M - Ar(t)|4 -dxdt < TjCiu^N- 1 + |/ |) 



h Jr s \ x \ 
on any compact interval Iq = UJk- 

Proof. Fix a compact time interval Io = UJk C / + . In what follows, all spacetime 
norms will be taken over Iq x R 5 , unless otherwise indicated. Let rj > be given, 
and fix A^o > to be determined later in the argument. Let N < No be given. We 
begin by observing that the Morawetz estimate (14. 3[) applied to u>n yields 

I I x ■ {P> N [u(t)% u>_ N } dxdt Hu>Nh ]lVu>Nh (4 .5) 

JioJrs fI - 

Note that by Remark ll .71 we may choose Ni > so that N < N\ implies 



\\(u< N ,d t u<pf)\\ LOO , I .j I 3/2 x ^i/2^ < r/ 1/2 . 

Now, by choosing No small enough so that No < r/Ni, we may estimate the right 
hand side of (14.51) by 

(\\d t u N <. <Nl \\ L oa L 2 + \\d t u> Nl \\ LrL 2) ■ (\\\7u N <. <Nl \\ LrL 2 + \\Wu> Nl \\ L? , L 2) 
< {N-^WdtU^W^^n +N; 1/2 \\d t u> Nl \\ L ^^ 1/2 ) 



(N-V 2 \\u <Ni \\ loo ^ /2 +N- 1/2 \\ U 



V3/2 , 



hfHl 1 ' 1 " "LfH, 

<u r, 2 N-\ (4.6) 

We now estimate the left hand side of (|4.5[) . For this, we use the identity 
{P> N [u{t) 3 ],u> N {t)} = {u(t) 3 .u(t)} - {u <N (t) 3 ,u <N (t)} 

- {u(t) 3 ~u <N (t) 3 ,u <N (t)} 

- {P <N [u(t) 3 ],u> N (t)} 

to obtain 

x-{P> N [u(t) 3 },u> N (t)} 



-dxdt 
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X ■ {u(t) 3 , u(t)} X ■ {u <N (t) 3 ,u <N (t)} 



dxdt 



\x\ \x\ 
x ■ {u(tf - u <N (t) 3 ,u <N (t)} 



dxdt 



Io 



x ■ {P <N [u(t) 3 ],u> N (t)} 



dxdt. 



(4.7) 



A simple calculation then shows {/ 3 ,/} = — |V[/ 4 ], so that integrating the first 
two terms in (|4.7p by parts gives 



x-{P> N [u(t) 3 ],u> N (t)} 



dxdt 



I 



2(\u(t)\±-\u <N (t)\*) 



dxdt 



In 



x ■ {u(t) 3 - U <N (t) 3 , U <N (t)} 



dxdt 



x-{P <N [u{t) 3 ],u> N (t)} 



dxdt. 



(4.8) 



On the other hand, applying the decomposition u = u < n + u>/v gives 



io 



\u> N (t)\ 4 



dxdt < 



\u(t)\*-\u <N (tW 



■dxdt 



E 



=1 •'-'o 



\u <N {t)\ 4 - l \u> N (t)[- 



dxdt. 



In view of (14.51) and (14.81). we therefore obtain the bound 



/ / l ^f^dxdt<r]N-i+ £(J), + (//) + (///) 

Jl J®? |X| ^ 



where we have set 

= 

(II) = 
(HI) = 



u <2 v(t)| 4 ->>iv(t)|' 



dxdt, i = 1, • • • , 3, 



x ■ {u(t) 3 - u <N (t) 3 ,u <N (t)} 



dxdt 



and 



io 



x ■ {P <N [u(t) 3 ],u> N (t)} 



dxdt 



We estimate each of these terms individually. For (7)j, we use the Holder in- 
equality with the Hardy- type bound (|4.4[) . along with the Sobolev embedding and 
Corollary 13.21 (after choosing N n sufficiently small) to obtain 13.11 to obtain the 
bounds 

3 

7 ; 

COl ~ II U >JV|| r4r20/7 



■r 



1/3 



4 T 60/13 



LfL 



<\\«>N\\ L < L *>M\m 1/3 «<N\\ a 
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< ||u>A r || L 4 i 20/7||Vu<Ar||^ 4i20/7 

< u r, 3 (N^ + \I \). 

For the (1)2, we write 

(J)2 <| f \*<N(t)\\u> N {t)\ {{u<N(t)l 2 + ]u ^ mdxdt 



<(I)l + (Ih, 

while for the term (1)3, we note that for each e > 0, 

(Da < / / I^WI I^WI 3 ^ 

J Io J {x:\u <N (t,x)\<e\u> N (t,x)\} \ x \ 

\u <N (t)\\u> N (t)\* dxdt 



Io J {x:\u <N (t,x)\>e\u> N (t,x)\} l-H 

<ef [ ^f^^ + i(I), 
Ji 7 R s M e 

We now estimate term (//). Using the identity 

{u 3 - u% N ,u <N } = 2(u 3 - u 3 <N )Vu <N - V((u 3 - u 3 <N )u <N ), 

we apply the triangle inequality and integrate by parts in the second term of the 
resulting integral to obtain 



(II) < I I I MO 3 - u <N (t) 3 )\ \Vu <N (t)\dxdt 
\(u(t) 3 ~u <N (t) 3 )\\u <N (t) 



Ho 



dxdt 



Ho 



<J2 I I \u> N (t)\ t \ u<N (t)\ 3 - i \vu <N (t)\dxdt + yyj)< 

l=l Jio l=1 

We now use the Holder inequality, Sobolev embedding, and Corollary 13.21 to 
estimate the first term, 

\\u> N U 2 <N \'u <N \\ L i ^ < ||'U>Ar|| L 4 i 20/7||u<Ar|| L 2 L io||u<Ar|| Lt =o L 5 ||VM<Ar|| i 4 i 20/7 

Su ||u>w|| i 4 L 20/7|||V| 3/4 U<Ar|| i 2 L 4 II Vu.<J V || jL 4 i 20/7 

^nN-^i + Niio]), 

the second term, 

\\ui N U <N \7u <N \\ L i ^ < ||w>Ar|| L4L 20/7||u>Ar|| L ~ L 5 ||u <Ar || L 2 i io||Vw<Ar|| L4i 20/7 

<U l|w>Af|| L 4 L 20/7|||V| 3/4 U <Ar || i 2 i 4 ||Vu<Ar|| i4i 20/7 

< u r]N-\l + N\I \), 

and the third term, 

\\u> N Vu <N < ||w>jv||^ 3l( 3o/T||w>Jv||ifi|||Vw<jv||if )ai 
< u TjN-'il + NlIol). 
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Combining these estimates then gives 

3 

(II) < u ?7 iV- 1 (l + iV|/o|)+^(/) i . 

i=l 

To continue, we estimate the remaining term, (III). In a similar manner as 
above, we use the identity 

{P <N [u(tf},u> N (t)} = V(P <N [u(t) 3 }u> N (t)) ~2u> N (t)VP <N [u(t) 3 } 

and integrate by parts in the first term of the resulting integral to obtain 

\P <N [u(t) 3 ]u> N (t)\ 



(HI) < [ I 



-dxdt 



|u>jv(i)V P <N [u(t) 3 ]\dxdt 



Ho 



< 



E 



P<N[u<N(tYu> N (t) 3 l }u> N 



|m>atVP<at[m! cJV m 



3-ii 



<N a >Nl\\Ll . 



We estimate the terms containing the gradient and remark that the other terms may 
then be bounded through the use of the Hardy- type inequality (|4.4[) . In particular, 
we apply the Holder, Bernstein, and Sobolev inequalities along with Corollary 
to obtain, for the first term (using the bound from (|4.6[) ). 



1 >N\\\ L i L 10 / 7 



\\u> N VP <N [u 3 >N ]\\ L} < \\u> N \\ 1(>/3 \\VP <N [ 



for the second term, 



||u>jvVP<Ar[u<ArU> Ar ]|| J 



for the third term, 

\\u> N VP <N [u 2 <N u> N }\\ 



^ N \\ U >N\\ Lr Hl\\u> N \\ 3 L 3 L 30/7 

< u t]N- 1 (l + N\I \), 

iS < \\u>n\\l%°lI II ^ p <n[u<nu> n ] \\ L l L &/* 
< u N\\u <N \\ 

L^L^P 1 1 U >N 11^4^20/7 

<uN\\\V\ 3 ^ <N \\ L 2 L4 Ju> N \\ 2 LtLl0/v 
< u V N-\l + N\I \), 

— \\ U >N\\ L 4 L 20/7 II VP<iv['U<JV' U >iv] lli 4 / 3 iJ0/13 
<^ll U >N\\ 2 L 4 L 20/r\\u < N\\ 2 L4L 20/3 

<N\\ 



„ 7 7 Ar- 1 (l + AT|J |), 



and for the fourth term, 



||u>jvVP<jv[u<Ar]||L t 1 x < ||u>Ar|| i 4 i 20/7||VP< W [u<Ar]|| i 4/3 i 20/i3 

= ||U>iV || Zy 4 i 20/7||tt <W VU<iV 11^4/3^20/13 

< \\u>N\\ L 4 L 2J>/7\\u <N \\ L ^ L 5\\u < N\\L^Ll a \\^ u <N\\ L 4 L 2a/7 

< uV N^(l + N\Io\). 
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Combining these estimates, we obtain 

^ N{tr -d X dt< uV (N-' + \I a \) + a(I) 1+ e [ [ '^ff )|4 dxdt. 



Fl 

Choosing e sufficiently small, we obtain 

^^ dxdt < u in{N^ 



as desired. □ 
5. Finite time blow-up solution 

In this section, we rule out the existence of finite time blow-up solutions satis- 
fying the properties stated in Theorem 11.61 Arguing as in [2J [TUJ [13 [IS] , this is 
accomplished by showing that such solutions must have zero energy, which in the 
defocusing case implies that the solution must be identically zero, contradicting its 
blow up. In particular, we have the following theorem: 

Theorem 5.1. Suppose that u is an almost periodic solution to (NLW) with max- 
imal interval of existence I, satisfying the properties given in Theorem \1.6\ Then 
the case \I + \ < oo cannot occur. 

Proof. Let u be given as stated and suppose to the contrary that |/ + | < oo. By 
the time reversal and scaling symmetries we may assume that sup / = 1. 

We first show that 



supp «(<,•), supp u t (t, •) C B(0, 1 - t), 0<t<l. (5.1) 

Indeed, the almost periodicity of u in the form of Remark 11.41 gives that for all 
e > there exists R = R(e) > such that for every < s < 1 we have 



/ 

J\x 



\Vu(s, x)\ 5/2 + \u t (s, x)\ 5/2 dx < e. 

An invocation of the finite speed of propagation (see, for instance, Proposition 
5.1]) then gives 

\\7u(t,x)\ 5/2 + \u t (t,x)\ 5/2 dx < e (5.2) 



whenever < t < s < 1, yielding 



limsup / \\7u(t,x)\ 5/2 + \u t (t,x)\ 5/2 dx < 



for t G (0, 1). On the other hand, recalling N(t) — > oo as t — » 1 (a consequence of 
the local theory and the almost periodicity), for alH € (0, 1) and n > we have 

R 

{x : \x\ > 1 - t + ri} C {x : \x\ > — + s - t}. 

when s = s(t,rj) is sufficiently close to 1. Combining this inclusion with (|5.2p and 
letting n and e tend to zero, we obtain 

\Vu(t)\ 5 / 2 + \u t {t)\^ 2 dx = 0, 
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which in turn yields that (u(t, •) is constant a.e. on {x : \x\ > 1 — t} as well as 
supp u t (t, •) C 5(0, 1 — t). To bound the support of u, we note that u belongs to 
LfL d x , which gives (f5T]) . 

To continue, by (|5.1[) . we write the energy by 

E(u,u t )= [ ^\Vu(t)\ 2 + hu t (t)\ 2 + ]\u(t)\ i dx 

J\x\<l-t 1 1 4 

< (1 - t)[\\Vu(t)f Ll/2m + \\u t (t)\\ 2 Ll/2(M5) + ||u(t)||i g(R8) ] 

<ul-t 

where we have used the a priori bound (u,u t ) £ Lf(Hl /2 x H^ 1 ). Letting t -> 1 
and using the conservation of energy, we obtain u = 0, contradicting its blowup. □ 



6. Infinite time blow-up solution 



In this section, we consider the second class of solutions identified in Theorem ll.61 
almost periodic solutions to (NLW) which blow up in infinite time. By making use 
of a frequency localized variant of the concentration of potential energy along with 
the frequency localized Morawctz estimate obtained in Section[4j we obtain a bound 
on the length of the maximal interval of existence, contradicting the assumption of 
infinite time blowup. When combined with the results of the previous section, this 
completes the proof of Theorem 1 1.2 1 In particular, we prove the following theorem: 

Theorem 6.1. There is no solution u to (NLW) satisfying the properties of The- 
orem \T76\ with \I + \ = oo. 

Proof. Suppose to the contrary that such a solution u existed. We begin by showing 
that there exists C > and iVo > such that for all N < Nq and every k > 1, 

\u> N (t,x)\ 4 dxdt > u N~ 2 . (6.1) 

J k J\x\<C/N k 

To show this claim, we recall that [TH1 Lemma 2.6] gives the existence of C > 
such that for every k > 1, 

/ |u(i,x)| 4 efocft > u iV^T 2 . 

h J\x\<C/N k 

An application of Minkowski's inequality then gives 

v 1/4 

\u>N(t)\ dxdt 




x\<C/N k 



\ 1/4 

\u(t) — u <N / 2 (t)\ 4: dxdt 

/./,../,_(' A, " / 

I / / \u(t)\ 4 dxdt] -( f f \u< N/2 (t)\ 4 dxdt] 

lj k J\x\<C/N k J \Jj k J\x\<C/N k J 

\ 1/4 

-I/ 2 _ / / / I. .m|4. 




~« N k ~ / / \u< N/2 (t)\ 4 dxdt 

\x\<C/N k 
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On the other hand, fixing 771 > and applying Holder's inequality along with 
Remark 1 1.7( we obtain that for N sufficiently small 



I, 



\u< N/2 (t)\ 4 dx < u N- 1 ( f \u< N/2 (t)\ 5 dx) 



-1 | 77? 



This implies the bound 

f f ^Vi 

/ / \u< N/2 (t,x)\ 4 dxdt < —j, 

Jj k J\x\<C/N k 

so that, after choosing 771 sufficiently small and substituting this bound into 
we obtain (|6.1[) . 

We now fix 77 > to be determined later in the argument and recall that Lemma 
I4.3l implies the existence of Ni £ (0, Nq) such that for all N < Ni and Jo = U Jk C / 
compact, 

/ I ^f^dxdt< uV {N^ + \I \). (6.3) 
Combining (|6.3[) with (|6.ip then gives 

1 + I'd) >« E / / ^ff^ 

/ j j J J k J \x\<C/N k \ x \ 



>« E ^ / [ 

7 J J k J \x\ 



h i >A r (^)l 4 ^ a; ^ 

<C/N k 



>u E ^ 

> u |/o|-2<5 (6.4) 

for all N < N\. Choosing 77 sufficiently small (depending on the constant in (|6.4|l ). 
we obtain the bound 

\M <uN- x + l 

for all N < Ni and all I . Fixing N and letting I tend to I + then gives the desired 
contradiction. □ 
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